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ABSTRACT

A new class of remote sensing data with great potential for the accurate

identification of surface materials is termed hyperspectral imagery.  Airborne or satellite

imaging spectrometers record reflected solar or emissive thermal electromagnetic energy

in hundreds of contiguous narrow spectral bands. The substantial dimensionality and

unique character of hyperspectral imagery require techniques which differ substantially

from traditional imagery analysis.  One such approach is offered by a signal processing

paradigm, which seeks to detect signals in the presence of noise and multiple interfering

signals.

This study reviews existing hyperspectral imagery analysis techniques from a signal

processing perspective and arranges them in a contextual hierarchy.  It focuses on a large

subset of analysis techniques based on linear transform and subspace projection theory, a

well established part of signal processing. Four broad families of linear transformation-

based analysis techniques are specified by the amounts of  available a priori scene

information. Strengths and weaknesses of each technique are developed. In general, the

spectral angle mapper (SAM) and the orthogonal subspace projection (OSP) techniques

gave the best results and highest signal-to-clutter ratios (SCRs).  In the case of minority

targets, where a small number of target pixels occurred over the entire scene, the low

probability of detection (LPD) technique performed well.
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I.  INTRODUCTION

A remote sensing system may be viewed in its broadest context as three parts.
The first is the scene, that is, the earth’s surface and the atmosphere through which energy
passes.  The second is the sensor system, which is designed so that the scene will be
adequately represented for the extraction of desired information.  The third component is
the processing system, which is optimized with respect to specific information extraction
applications. This overarching view of the remote sensing philosophy was introduced by
Swain and Davis (1978).  Figure 1.1 illustrates the remote sensing system concept, with
additional details in the sensor and processing systems.  It is important to note that the

Figure 1.1:  Components of a Remote Sensing System.
From Swain and Davis, 1978, p. 337.

ordering of these elements reflects our increasing level of control over them.  The focus
of this study is on the element of remote sensing systems over which we have the most
control, the data processing.  This study will review all currently known techniques for
analyzing data from one of the newest family of remote sensing systems, hyperspectral
imagery.  The particular emphasis of the study is a detailed examination of the techniques
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with signal processing origins that have been applied to the specific task of target
detection.

The advent of imaging spectroscopy with the Airborne Imaging Spectrometer in
1982 established a new tool for immediate application to several topics in the earth
sciences but also created a fundamentally new class of data requiring new approaches to
information extraction (Vane and Goetz, 1988, p. 1). This new class of data measures the
spectral character of materials on the ground and is referred to as spectral imagery
throughout this study.  Hyperspectral data, a particular type of spectral imagery, is
produced when solar electromagnetic energy reflected form the earth’s surface is
dispersed into many contiguous narrow spectral bands by an airborne spectrometer (Vane
and Goetz, 1988, p. 3).  Each picture element (pixel) of a hyperspectral image can be
thought of as a high resolution trace of radiation versus wavelength, or a spectrum
(Rinker, 1990, p. 6).  The characteristic wavelength dependent changes in the emissivity
and reflectivity of a given material can be related to the chemical composition and types
of atomic and molecular bonds present in that material (Gorman, Subotic, and Thelen,
1995,  p. 2805).  The chemical composition of different materials is thus manifested in
the spectral properties of these materials, and can serve as a means of differentiating
materials observed in a hyperspectral image with great detail.

The task of analyzing hyperspectral imagery is complicated by several factors,
however.  The first is the sheer amount of data inherent in a hyperspectral image.  A
typical 224-band Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) image,
considered to be the state-of-the-art in hyperspectral imaging systems, occupies about 134
Mbytes (Roger and Cavenor, 1996, p. 713).   Algorithms for processing such vast
quantities of data must be computationally efficient to be of any service, and must seek to
eliminate redundant data prior to processing.  The second factor is that the radiances
recorded at the spectrometer output are subjected to additive noise from the atmosphere,
the sensor instrumentation, the data quantization procedure, and transmission back to
earth.  The cumulative effect of these noise terms is a spectrum that has been corrupted by
noise, and detecting a target is no longer a simple proposition.  It is here where a signal
processing point of view is helpful, as the problem has now become the classical signal in
noise problem.  The third factor is that owing to the finite spatial resolution of the
imaging spectrometer and the actual ground scene, the observed spectrum for a pixel
may not be that of a single material.  Rather, it could be a mixture of several different
materials which exist within the spatial dimensions of the sensor’s ground instantaneous
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field of view (GIFOV).  The GIFOV of the AVIRIS sensor at sea level is nominally 20 m
x 20 m (Farrand and Harsanyi, 1995, p. 1566), and the implication is that several
materials could contribute to the observed spectrum for that pixel depending on the
complexity of the ground scene.  A fourth factor that complicates analysis efforts is that
spectra of the same type of material often appear very different.  This variability within
the spectra of a species dictates a statistical approach vice a deterministic one.

There are many types of data processing techniques which address the unique
issues raised by hyperspectral imagery.  Many of them grew out of earlier techniques
which had been successfully applied to multispectral imagery, the precursor of
hyperspectral imagery.  Others have a foundation in the discipline of pattern recognition.
A newer approach, which is naturally suited to the task of detecting signals in the
presence of noise and multiple interfering signals, is based on signal processing.  It
efficiently handles the data by viewing it from the vantage of vectors and  matrices, and
performs processing by various linear transformations.

A major goal of this study is to logically order the many techniques available for
the analysis of hyperspectral data in such a manner that potential users understand the
optimum situation for specific techniques to be applied.  This goal is best stated in the
words of E. T. Jaynes, a pioneer in the field of maximum entropy spectral estimation
research.  In describing the importance of considering the problem to be solved prior to
applying specific techniques he writes:

There are many different spectral analysis problems, corresponding to
different kinds of prior information, different kinds of data, different kinds
of perturbing noise, and different objectives.  It is, therefore, quite
meaningless to pass judgment on the merits of any proposed method
unless one specifies clearly: “In what class of problems is this method
intended to be used?” Today, programming and running a computer is
much easier than actually thinking about a problem, so one may program
an algorithm appropriate to one kind of problem, and then feed in the data
of an entirely different problem.   If the result is unsatisfactory, there is an
understandable tendency to blame the algorithm and the method that
produced it rather than the faulty application (Jaynes, 1982, p. 939).

Jaynes’ argument is appropriate to the issue at hand, and a desired major end result of this
study is a clear picture in the reader’s mind of the capabilities of various hyperspectral
analysis techniques.  The signal processing approach will assist in the objective
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evaluation of the theoretical concepts behind each  technique and the circumstances in
which the technique is best applied.

This study is organized in a manner that will facilitate the goal of an orderly
approach to many different hyperspectral analysis techniques.  Chapter II presents an
overview of all currently known methods that can be applied to the analysis of
hyperspectral imagery based on various user community paradigms.  It also develops the
historical context for these paradigms.  Finally, the chapter narrows the scope of the study
to those techniques with a signal processing flavor, and establishes a method of
categorizing these techniques based on the amount of information available to the user at
the start of the problem.  Chapter III defines some basic statistical and linear algebra
concepts using spectral imagery as illustrative examples. This chapter is important in that
it introduces the mathematical foundation that underlies this study. The next four chapters
address four major families of techniques that have been grouped according to a priori
knowledge.  Each of these chapters includes the broad concepts that motivated each
technique as well as specific examples of the operation and applicability of each
technique to real data sets. Chapter IV discusses the principal components family of
techniques, Chapter V considers the matched filter family of techniques, Chapter VI
studies the unknown background family of techniques, and Chapter VII examines the
limited image endmember family of techniques. Chapter VIII is a summary of the results
of the previous chapters. Chapter IX concludes the paper. It seeks to solidify the
connections between specific families of techniques and emphasize the situations in
which the techniques are most appropriate.
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II.  BACKGROUND

A.  PROBLEM STATEMENT

This study concentrates on the application of hyperspectral imagery analysis
techniques to the particular task of target detection.  Some of the techniques considered
have this as their original goal.  Others have never been applied in this context.  Before
beginning an overview of all techniques, it is appropriate to define the problem at hand.
The nature of hyperspectral data is such that the detection of a target in the image is best
achieved by using the large amount of information inherent in the observed spectra.
Thus, the problem is to localize the spectrum which is characteristic of the target material.
Although this seems simple enough, there are a myriad of methods that can be applied to
solve this problem.  The reason for the multiplicity of methods is due to factors such as
the amount of a priori information assumed, the view of  the type of data, and the data
model assumed.  These factors dictate which approach is optimally suited to the particular
task of target detection.  The various approaches or strategies to the problem are
highlighted in the next section.

B.  STRATEGIES FOR SPECTRAL IMAGERY ANALYSIS

Transformation and Projection
- Linear transformation performed on each pixel
- Goal is to find the "right" set of basis functions and project image into "target" subspace
- May act as a preprocessing step prior to classification

Classification
- Pixels assigned to spectral classes based on similar statistics
- Stochastic outlook on data
- Assumes spectrally pure pixels

Linear Prediction
- Exploits the spatial and spectral redundancy inherent in spectral images
- Each pixel is viewed as a linear combination of its neighbors
- Originally applied to data compression

Optimal Band Selection
- Goal is to pick the best spectral bands that will discriminate a target
- Band selection process may be deterministic or stochastic
- Scene dependent

Multiresolution Analysis
- Goal is to use different spatial resolution images to form a high resolution composite image
- Exploits spatial correlation between neighoring pixels
- Concepts related to and involving wavelets

Spectral Imagery Analysis Strategies

Figure 2.1:  Taxonomy of Spectral Imagery Analysis Strategies.
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In a broad survey of the pertinent literature, five major strategies are perceived
into which the many methods for hyperspectral imagery target detection can be placed.
Figure 2.1 illustrates these major strategies and the noteworthy aspects of each. In this
context, the discussion of each strategy is simplified. The creation of this particular
taxonomy is driven by four  major determinants. The first is  the model of the data.  As
mentioned above, the observed spectrum of each pixel recorded at the hyperspectral
sensor can be viewed as a combination of multiple spectra within the spatial boundaries
of the GIFOV.  The individual spectra contributing to the observed spectrum are assumed
to represent spectrally pure materials called endmembers and are assumed to mix in a
linear fashion.  When this model of the data is assumed, as is often the case with
hyperspectral imagery, the data model is called the linear mixture model or mixed pixel
model.  An illustration of this concept is seen in Figure 2.2, where the imaged pixel is
composed of three unique material types. The finite spatial resolution of the sensor is the

Figure 2.2:  The Mixed Pixel Concept. After Harsanyi, 1993, p. 17.

cause of this situation.  Each small square in Figure 2.2 represents the observed pixel on
the ground.  The expanded view of one of the pixels shows that it is composed of three
different endmembers.  The alternative to this model is the assumption that each observed
pixel spectrum represents a unique material, which will be classified according to its own
properties with respect to all other observed spectra in the scene.  This  model actually
predates the mixed pixel model and is a simpler view of the matter.  The  second
determinant of the type of strategy is the nature of the data.  In considering hyperspectral
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data, one can either view each observed pixel spectrum as a totally deterministic vector, a
deterministic vector with additive random noise, or a random vector.   It can be argued
that the individual vector which represents the observed spectrum at each pixel is
deterministic since it represents a unique material with its own peculiar absorption
features.  Likewise, the case can be made that the observed spectral vectors simply
represent realizations of a random process because of the large amount of variability that
one encounters when looking at various specimens of the same material. Figure 2.3
illustrates the high degree of variation that can exist in the spectra of the same material.

Figure 2.3:  Spectral Variability Within Material Species. From Price, 1994, p. 183.

The spectra in Figure 2.3 were produced by field measurements using radiometers, and
constitute a rough idea of laboratory spectra.  Note that the high within-species variability
makes deterministic identification of spectra a challenging matter, even with a spectral
reference library.  The third determinant of type of strategy is related to the scene itself.
In a naturally occurring homogenous background, adjacent pixel spectra should have very
similar statistical qualities.  They could be expected to exhibit a high degree of correlation
between neighbors.  The occurrence of an object not belonging to the uniform
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background would display a lower correlation with its neighbors.  If no relation between
neighbors is assumed, then each pixel spectrum is treated independently in the
processing.  Thus, whether or not the strategy assumes that such a relation between
neighboring  pixel spectra is a discriminant among strategies.  The fourth determinant
deals with the amount of a priori information provided at the outset of the problem.  The
a priori knowledge ranges from complete knowledge of the target and the background to
no knowledge at all.  The a priori knowledge categorization will be detailed in a
subsequent section, as it is  the most important distinguishing characteristic in the linear
transform and projection strategy. It is important to note that these discriminants of the
strategies do not produce mutually exclusive sets of strategies.  In many cases, there is
overlap, and the assignment of a particular technique to this strategy or another can be
argued either way.  This study seeks to be consistent in assigning techniques to strategies,
and attempts to strictly follow the above discriminants as guidelines.  Also, more than one
strategy can be applied to the analysis of an image, and is often done in practice.  The
strategies may be viewed as building blocks which allow the user flexibility in
implementation.

The first strategy, the techniques of which will be examined in detail by this study,
is that of linear transformations and projections from the signal processing perspective.
Data is visualized as belonging to either a signal subspace or a noise subspace, where a
subspace is a linear algebra term which describes vectors with similar characteristics. It
will be seen that the general approach is to project the observed image into a subspace
where possible targets are easily discriminated.  The key to the proper projection is
having the right basis functions to construct a projection operator.  The mixed pixel
problem is assumed in most techniques of this strategy, and the statistics of the data,
particularly the covariance matrix, play a major role in determining the proper basis
functions for a projection operator.  Each pixel is treated independently, as no assumption
is made concerning the spatial arrangement of the pixel vectors.  It should be noted that
this strategy is often applied as a preprocessing step which aids in the later classification
of image pixels using another strategy.  This observation underscores the fact that these
strategies do not necessarily have to be applied independently.

The second strategy in analyzing spectral imagery is a classification approach.  It
assigns observed pixel spectra to classes based on similar statistical characteristics.  This
strategy necessarily assumes a stochastic outlook of the data.  The mixed pixel problem is
not assumed, and the target spectrum is discriminated based on its membership in a class
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separate from the background pixels.  Techniques are further differentiated based on the
need for training pixels from known classes and on the assumptions made about the
statistical distribution of the pixels in each class.

The third strategy is based on the ideas of linear prediction.  It assumes that each
pixel vector is a linear combination of its neighbors, and seeks to exploit this relationship.
The idea is to create a residual image in which there is less redundancy spectrally and
spatially.  Although applied to compression, this strategy has potential for target
detection.  Data is viewed statistically and modeled as such.

The fourth strategy is optimal band selection.  The intent is to select the best
original bands of the hyperspectral image that can be used to discriminate the target. The
band selection process can be  guided by a deterministic or statistical view of the target
and background spectra.  No explicit assumption about the linear mixing model is made.  

The fifth strategy involves the use of multiresolution techniques.  Concepts such
as wavelets are used to pick out varying levels of detail from the image.  The spatial
correlation between neighbors is exploited, though a statistical outlook is not necessarily
required.

C.  AN OVERVIEW OF SPECIFIC METHODS WITHIN THE STRATEGIES

This subsection provides the reader an overview of where specific techniques
belong in the taxonomy of the above strategies.  The techniques are described in only the
briefest detail, with the pertinent references included for further research.  The
categorization of techniques within strategies is guided by the discussion of the previous
subsection.

The transform and projection strategy has as the underlying assumption the mixed
pixel problem in most cases.  The segregation of techniques within this family is
determined by the a priori knowledge that one has of the image endmembers.  Figure 2.4
shows the breakdown of various techniques within this strategy.   An endmember is
defined as the spectrum associated with a pure material which is a constituent of the
scene.  The next four paragraphs address the techniques found within each family of the
linear transformation and projection strategy.

If nothing is known about the data prior to processing, then the principal
components analysis (PCA) family of techniques is best suited to the task.  The basic
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Principal Components Analysis  (PCA)

Maximum Noise Fraction (MNF) or
 Noise Adjusted PC (NAPC) Transform

Standardized PCA (SPCA)

Principal Components Family
No a priori knowledge

Simultaneous Diagonalization (SD) Filter

Orthogonal Subspace Projection (OSP)

Least Squares OSP (LSOSP)

Filter Vector Algorithm (FVA)

Matched Filter Family
Target and background endmembers known

Low Probability of Detection (LPD)

Constrained Energy Minimization (CEM)

Adaptive Multidimensional Matched Filter

Unknown Background Family
Only target endmember known

Endmember Identification based on
Multiple Signal Classification (MUSIC)

Partial Unmixing

Spectral Angle Mapper (SAM)

Singular Value Decomposition (SVD)

Limited Image Endmembers Family
Only Reference Library Spectra Available

Transformation and Projection Strategy

Figure 2.4:  Hierarchy of Techniques in the Linear Transformation and Projection
Strategy.

PCA is well described by Richards (1986).  The noise adjusted principal components
(NAPC) transform is a variant of PCA that orders images based on signal to noise ratio
by whitening the additive noise and is described by Green, Berman, Switzer, and Craig
(1988) and redefined by Lee, Woodyatt, and Berman (1990) as the maximum noise
fraction (MNF) transform.  Standardized principal components analysis is a technique
that uses the standardized covariance matrix instead of the covariance matrix and is
developed in Singh and Harrison (1985).  Though the PCA does not explicitly assume the
mixed pixel model, an interesting application by Smith, Adams, and Johnson (1985)
allows the determination of the relative abundance of endmembers in each pixel spectrum
using PCA.  This technique represents a move towards the linear mixture model, and is
important in that it sets the stage for the family of techniques which operates on no a
priori knowledge except the presence of a reference library of endmember spectra.

The second major family of the linear transformation and projection strategy  is
generalized as the matched filter family because of the similarity to the signal processing
concept of a matched filter.  If all endmembers are known including the target, then the
simultaneous diagnolization (SD) filter (Miller, Farrison, Shin, 1992), a special case of
the matched filter, is applied.  The SD filter was developed for a wide range of
applications, of which spectral imagery analysis is a subset.  A special case of the SD
filter when the noise term is assumed to be of zero variance is the orthogonal subspace
projection (OSP) first introduced by Harsanyi (1993).  The OSP technique takes an a
priori least squares approach to the data, and represents an extension of ideas from the
array processing community. A further improvement of the OSP proposed by Tu, Chen,
and Chang (1997) is the least squares OSP (LSOSP), which assumes an a posteriori
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model of the data to improve the signal to noise ratio of the OSP technique. Filter vectors
(Palmadesso, Antoniades, Baumback, Bowles, and Rickard, 1995) are a similar technique
based upon the use of a matched filter to detect the target spectrum.

The third family of techniques is characterized by no a priori knowledge of the
background endmembers.  Only the target endmember is known.  If the target signal is
assumed to occur with a very low probability in the scene, then the low probability
detection (LPD) technique (Harsanyi, 1993) can be applied.  This technique is based on
the concept of eigenfiltering.  If the low probability of target occurrence is relaxed, then
another technique also developed by Harsanyi (1993), called the constrained energy
minimization (CEM) technique, may be employed.  This technique is developed from the
concept of beamforming in array processing. The matched filter can also be derived from
a hypothesis test approach, which is more commonly associated with statistically based
classification approaches.  Stocker, Reed, and Yu (1990) derive such a matched filter
which exploits spatial and spectral differences between a target and the background.
Winter (1995) gives an interesting application of this spectral matched filter to the
problem of hyperspectral mine detection.

The last family of techniques is one in which no a priori knowledge of any
endmembers exists, but a spectral library or limited ground truth is available.  If no
knowledge of endmembers exists, then they may be estimated using a technique similar to
the multiple signal classification (MUSIC) technique used in signal direction of arrival
estimation problems. This technique, proposed by Harsanyi, Farrand, Hejl, and Chang
(1994), employs elements of the OSP technique and principal components analysis, and
requires a reference library of spectra.  The spectral angle mapper (SAM) described by
Yuhas, Goetz, and Boardman (1992) is a technique which treats spectra in a deterministic
manner and attempts to measure the closeness of an observed pixel vector to one from a
reference library.  This technique does not assume mixed pixels.  The partial unmixing
technique developed by Boardman, Kruse, Green (1995) uses the ideas of convex sets to
isolate the pixels most representative of pure endmembers in the scene, and then
constructs a subspace which is orthogonal to the background endmembers in order to
isolate the target.  This technique builds upon the PCA endmember identification
technique of Smith, Adams, and Johnson (1985). Another technique described by
Danaher and O’Mongain (1992) and Herries, Selige, Danaher (1996) employs the linear
algebra concept of the singular value decomposition (SVD) to efficiently estimate the
abundance of a target material in the image.  The technique requires ground truth in one
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instance to create an operator, or key vector, which will isolate the target spectrum.
Following the one time derivation of the key vector, no a priori knowledge of the image
endmembers is required for subsequent applications.

The classification strategy is well documented in the literature of remote sensing
data processing.  It is a technique primarily used in two-dimensional photointerpretation
and is an effective means of analyzing multispectral imagery. Figure 2.5 shows the
various techniques within this strategy. The first discriminator of techniques in this family

Discriminant Analysis

Likelihood Ratio Tests

Superv ised

Clustering Algortihms

Unsupervised

Parametric Techniques

Parzen Estimator

Nonparametr ic Techniques

Classification Strategy

Figure 2.5:  Hierarchy of Techniques Within the Classification Strategy.

is whether or not a form for the statistical model of the data is assumed.  If no
assumptions are made then the techniques are termed nonparametric.  The Parzen
estimator is a nonparametric method applied by Nedeljkovic and Pendock (1996) as a
means of finding spectral anomalies in hyperspectral imagery.  If the statistics of the data
are assumed to be Gaussian, then  classification techniques are termed parametric.  A
further division of parametric techniques is achieved by considering the availability of
training pixels at the start of the problem.  A training pixel is a pixel which is known to
belong to a specific class.  If training pixels are used, then the techniques are categorized
as supervised classification techniques.  Richards (1986) describes the most common
supervised classification techniques, those based on maximum likelihood classification,
in the context of multispectral imagery.  These techniques are based on the statistical
concept of Bayesian estimation which is described in detail with respect to two-
dimensional image processing by Therrien (1989).  Another technique called discriminant
analysis, described by Fukanaga (1971) for application to pattern recognition, and
Hoffbeck and Landgrebe (1996) for hyperspectral imagery, seeks to maximize the
separation of classes.  If no training pixels are used to assist in the classification process,
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then the techniques are termed unsupervised classifiers.  These techniques are described
by Mather (1987) as clustering techniques which seek to classify pixels by the
compactness of their groupings in multispectral space.  Further discussions of
classification techniques can be found in Swain and Davis (1978).

The linear prediction strategy seeks to capitalize upon the spatial and spectral
redundancy inherent in hyperspectral imagery.  The purpose of these techniques is to
remove this redundancy for data compression.  The techniques can take advantage of
spatial redundancy as described by Therrien, Quatieri, and Dudgeon (1986) for
application to two-dimensional image object detection. Other techniques in this strategy
seek to reduce spectral redundancy as Rao and Bhargava (1996) describe.  Techniques
can also attempt to reduce the redundancy in  both the spatial and spectral dimensions, as
discussed  by Wang, Zhang, and Tang (1995), and objectively evaluated by Roger and
Cavenor (1996).

  The optimal band selection strategy can be implemented by a technique
introduced by Solberg and Egeland (1993) that uses Markov chain theory to select an
optimal set of bands which is subsequently used for classification purposes.  A different
technique that has been proposed if all endmembers are known is to select the optimal
bands to enhance the target signature using wavelets (Gorman, Subotic, Thelen, 1995).

The multiresolution strategy of hyperspectral imagery analysis is closely related to
the concept of the wavelet transform.  Burt (1992)  has pioneered  several applications of
multiresolution techniques to the problems of image fusion and alignment.  The
application of these techniques to hyperspectral imagery analysis is described by Wilson,
Rogers, and Meyers (1995).  The techniques associated with multiresolution analysis lend
themselves to the use of neural networks as tools in classifying hyperspectral images
(Moon and Merenyi, 1995, p. 726).

D.  HISTORY

In order to fully appreciate the significance of the hierarchy of hyperspectral
imagery analysis strategies, a review of the historical perspective and paradigms in the
analysis of hyperspectral images is necessary.  Figure 2.6 illustrates the major image
analysis paradigms over the past seventy years. This is by no means an all inclusive
history, but rather a quick synopsis of the major ideas that led to the area specifically
addressed in this study.  The analysis of imagery began in the early part of this century
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with photointerpretation.  This analysis of aerial photographs to extract information of
interest was a strictly human operation.  The strength of the human element in
interpretation was the ability to recognize large scale patterns (Richards, 1986, p. 75) and
make inferences based on these patterns.  The weakness of the human element was the
inability to accurately quantify the results in a consistent manner.  The computing power
that began to become available in the 1960’s and the ability to represent data in a digital
fashion provided the impetus for automation of the photointerpretation task  into digital
imagery analysis. Here, the computer was programmed to work within narrow
parameters, such as counting the number of occurrences of certain brightness values, a

Photointerpretation (1930s - )
- 2D Images
- good qualitative analysis (human)
- poor quantitative analysis

Digital Imagery (1960s -)
- 2D Images
- Pattern Recognition/ Computer Vision
- Emphasis on Classification Techniques

Multispectral Imagery (1970s -)
- 3D Images
- Principal Components Analysis 
- Land Usage Classification

Hyperspectral imagery (1980s -)
- Need to reduce data dimensionality
- Software Packages with Spectral Libraries
- Need efficient processing techniques

Figure 2.6:  Major Imagery Analysis Paradigms.

job that it performed better than any human analysts.  The fields of pattern recognition
and computer vision became important, and a statistical description of the data was
needed to form the basis of classification schemes which could accurately determine the
number of pixels in the scene belonging to a certain class.  Linear prediction and principal
components analysis (PCA) were tools that could assist in the automated detection of a
target in the two-dimensional digital images.  The advent of multispectral imagery with
Landsat data in the 1970’s added the spectral dimension to the problem of imagery
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analysis.  PCA played a significant role in reducing the dimensionality of the data and
assisted in the classification of large land areas.  The relationship between PCA
techniques and classification techniques was a sequential operation, in that PCA was first
applied to an image to remove the redundant information or create a better class
separation and then a classifier was applied.  This preprocessing application of PCA
continues today. Improved classification techniques helped separate classes more
consistently and accurately, but the majority of the techniques continued to be those
found in pattern recognition disciplines.  The 1980’s and hyperspectral imagery ushered
in a new challenge to the existing methods of analyzing data.  Compression became an
important concern.  The search for new techniques to deal with the large amount of
information and commensurate amount of redundancy prompted new views of the
analysis paradigm.  Ideas from the signal processing community provided a means of
handling the large amount of data and confronting the mixed pixel problem.  Software
packages dedicated to the analysis of hyperspectral imagery incorporated spectral
libraries, and found particular interest in the geological remote sensing community.  The
generation of innovative approaches and techniques  is continuing as computing power
increases.

E.  CREATION OF A TAXONOMY FOR THE LINEAR
TRANSFORMATION  AND PROJECTION STRATEGY

As discussed above, the guiding rule for establishing the families within the linear
transformation and projection strategy is the amount of a priori knowledge available to
the user at the start of the problem.  This is the analyst’s perspective, which seeks to use
the appropriate tool for the job.  The four major divisions of a priori knowledge are:  no
knowledge of the scene endmembers, knowledge of all scene endmembers, knowledge of
the target endmember only, limited knowledge of endmembers through a reference library
or ground truth.  The detailed discussion of these families of techniques constitutes the
Chapters IV, V, VI, and VII.  Each family is viewed as part of a hierarchy and has been
categorized according to the taxonomy based on a priori knowledge.  In the interest of a
consistent approach, each family is treated using a common framework, which is reflected
in the sections of each of the four chapters, and quickly described here.  First, the
techniques within a family are given a general description, which seeks to highlight some
common major concepts.  Second, the background concepts of the family are presented.
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Statistical, linear algebra, and signal processing concepts  are developed in detail to
provide a good idea of the impetus for the specific techniques that follow.  Third, the
operation of the specific techniques are discussed and illustrated with examples. This
framework is intended to concentrate all of the information required to fully understand a
technique in one location.  In an effort to enhance the basic concepts involved with the
some of the statistical descriptions of the data,  Chapter III discusses and illustrates some
important definitions used frequently throughout this study.
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Figure 3.1:  A Typical Multispectral Image Produced by  Landsat TM.

character of a particular class of material.
 A representative  HYDICE scene was chosen from the FOREST RADIANCE I

collect of Aberdeen Proving Grounds, MD, made in 1995 from a Convair CV-580 aircraft
flying at 20,000 feet.  The scene shows multiple vehicles parked in a field and treeline
with roads running predominantly vertically through the scene. Figure 3.2 shows the
hyperspectral image consisting of 320 samples, 320 lines, and 210 bands. A color version
of this figure may be found in Appendix A.  This image is a red,green,blue composite
formed using bands 176 (2198.1 nm), 91 (1172.3 nm) and 31 (518.4 nm).  One way of
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Figure 3.2:  A Typical Hyperspectral Image Cube.

visualizing this type of data that has two spatial and one spectral dimension is as a cube.
The vertical axis of the ‘hypercube’ represents the spectral response of individual spatial
locations.  The two dark bands which stretch horizontally across the spectral response
faces of the hypercube correspond to atmospheric absorption bands.  The ability to
identify materials based on spectral detail is clearly more effective with hyperspectral
imagery as opposed to multispectral imagery.   As an example, note on the hypercube
how the spectra associated with the road pixels appear clearly different than the spectra
associated with the field or the trees.  Figure 3.3 emphasizes the high spectral resolution
of hyperspectral data by extracting information in the spectral dimension, or downward in
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Figure 3.3:  The Concept of a Pixel Vector. From Vane and Goetz, 1988, p. 2.

the axes of the cube.  It shows the construction of an observed spectrum associated with a
particular spatial location, called a pixel vector.  The pixel vector is central to the
discussion which follows, since the pixel vector may be viewed as a unique  signal
associated with a material of interest.  Figure 3.4 further illustrates the pixel vector

Figure 3.4:  Typical Pixel Vectors From Multispectral and Hyperspectral Images.
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concept using randomly chosen observed spectra from the Landsat and HYDICE images.
The fine spectral detail that can be discerned in the hyperspectral image spectrum is a
stark contrast to the coarse detail that comes from seven data points, as in the Landsat
observed spectrum. Band seven precedes band six in the Landsat data to accurately reflect
the corresponding wavelengths.  The implication is that the characteristic shape of the
pixel vectors obtained using hyperspectral imagery allows a more definitive identification
of material based on unique spectral characteristics.  Note also that the range of
brightness values for the Landsat data is from zero to 255, corresponding to eight bit
quantization of the data by the sensor.  The HYDICE sensor has 12-bit quantization of the
data.

In a hyperspectral sensor such as HYDICE, the spectral bands are configured to
cover a range of 400 to 2500 nm. The observations of this reflected energy at the sensor
are measured in terms of radiance, which has units of watts per square meter. A
significant portion of the spectrum imaged in the HYDICE system is dominated by solar
energy reflected from the earth’s surface. This solar energy accounts for the characteristic
“hump” in roughly the 50th to the 70th bands.  At times, it is desirable to mitigate the
effect of the dominant solar curve so that other spectral details may be discerned.  One
means of doing so entails converting radiance measurements to reflectance measurements
by dividing the radiance observations by the scene average spectrum. Other methods
include an offset based on in-scene brightness calibration points. The net effect is to
normalize the radiance measurements in such a manner that the solar bias is removed and
the resulting reflectance spectrum appears flatter.  Figure 3.5 shows typical

Figure 3.5:  Radiance and Reflectance Spectra of Aberdeen HYDICE scene.
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reflectance and radiance measurements for the same pixel of the HYDICE Aberdeen
scene. The radiance data has been divided by a factor of ten in order to give it a dynamic
range closer to that of the reflectance data.  In spite of the scaling, note how the large
peaks in the radiance data have been smoothed in the reflectance data.  In both Figures
3.4 and 3.5, the wavelength range of the particular sensor has been annotated on the upper
horizontal axis.  This accentuates the fact that the HYDICE sensor employs narrower
spectral bandwidths than does the Landsat TM.

B.  STATISTICAL INTERPRETATION

In order to assist in the quantitative discussion of characterizing the data
statistically, we need to formally define the concept of the observed pixel vector. Assume
that the observed pixel vector x is a real valued random vector

x =
L
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x

xl
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M      (3.1)

where the components {x1,...,xl} correspond to measured brightness values in each of l
spectral bands. Since a stochastic view of the data assumes that these vectors are random
entities, one means of characterizing them is to describe their behavior using statistical
concepts.  Exact statistical descriptions of their behavior are unavailable in real
applications, so we must rely on methods that estimate the statistics of the observed
random vectors.  There are three major statistical definitions of interest in this respect.
The first is the concept of expectation.  The expectation of a random vector is called the
mean or the average value that the random vector assumes, and is denoted as E{x}.  The
mean is also called the first moment since it involves only the random vector itself and
not products of the components of the vector x (Therrien, 1992, p. 33).   In using the
observed data, is desirable that the statistical expectation of the estimated mean equal the
actual mean. This is called an unbiased estimate of the mean. The framework for this
estimation is to view the spectral image or scene as a collection of N random pixel
vectors.  This implies that the scene is comprised of N pixel vectors, each consisting of an
l-band spectrum.  The unbiased estimate of the mean spectrum for the scene is given by:



23

m x= =
L

N
MMM

O

Q
PPP=

Â1

1

1

N

m

m
j

j

N

l

M     (3.2)

where xj  represents the spectrum of the jth pixel of the scene. The mean spectrum vector,
m, of Equation 3.2 can also be interpreted as a l-dimensional vector with each component
representing the average brightness value over the entire image for one particular band.
Figure 3.6 illustrates the scene mean spectra for the Boulder Landsat TM and Aberdeen
HYDICE images. It also shows the standard deviations for the Landsat image as error
bars and the spectra of fifty randomly chosen pixel vectors for the HYDICE image as
dots.  These additional statistical characteristics of the data will be defined shortly.  The
important characteristic of Figure 3.6 with respect to the definition of mean spectra is the
degree of similarity that exists between the mean spectra and the randomly chosen spectra
of Figure 3.4.  By the nature of its definition, the mean spectrum will appear to match  the
shape of the pixel vectors which occur most frequently in the scene.

 

Figure 3.6:  Mean Spectrum with One Standard Deviation of Landsat Image and
Mean Spectrum with Representation of Variance of HYDICE Image.
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The second definition of importance in characterizing random vectors is that of
the covariance matrix. The covariance matrix is defined in vector and expanded
component form as:

Sx  = E{(x-m)(x-m)T} = 
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where m is the mean vector of the entire image defined in Equation 3.2. The covariance
matrix is symmetric and the elements of the main diagonal represent the variances
associated with each of the component variables of the random vector x.  In the case of
spectral imagery, the variance is a measure of how the brightness value of a particular
band varies over all spatial image pixels.  Figure 3.6 gives a rough idea of variance as the
amount of distance between the mean spectrum and the 50 randomly chosen spectra
plotted with it.  It is also considered to be a measure of the power or contrast associated
with  each band.  The off-diagonal elements are called the covariances, and measure how
different variables vary with respect to each other.  In the spectral sense, this is a measure
of how much a band varies compared to another band over the image. When the
covariance of two random variables is zero, then the random variables are said to be
uncorrelated, which implies that those random variables were generated by separate
random processes (Leon-Garcia, 1994, p. 337).  The covariance matrix is the set of
second central moments of the distribution, which are also referred to as moments about
the mean since the mean component is subtracted from each random variable.  The
unbiased estimate of the covariance matrix is generated by:
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where xj is again the pixel vector associated with the jth spatial location (Richards, 1986,
p. 128). This is an outer product operation, which is performed N times, and is in a sense
the average outer product of the vector xj-m. In the calculation of the unbiased estimates
of statistical quantities, the computational expense of  the covariance matrix for a large
number of samples, N, must be balanced with the desired degree of accuracy for the
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estimate.  More samples imply better estimates, and in order to ensure sufficient accuracy,
the number of samples must be sufficiently large (Fukunaga, 1971, p. 242) .

The third statistical definition involves an issue that requires clarification
regarding the term “correlation” matrix.  In signal processing terminology, the correlation
matrix stated as E{xxT}is formed exactly as the covariance matrix, except that the mean
vector is not subtracted from the random vector x (Therrien, 1992, p. 33).  Figure 3.7
demonstrates the concept of mean removal using the scatter plots of two bands of Landsat
data.  The scatter plots are a representation of many two-dimensional random vectors
which have a two-dimensional mean vector.  The subtraction of this mean vector from
every random vector results in a centering of  the data about the origin.  This introduces
negative numbers into the previously positive data values.  While the correlation matrix is
more frequently used in signal processing where zero mean signals are the norm, remote
sensing uses the covariance matrix since negative brightness values do not have a clear
physical significance.

Figure 3.7:  Mean Removal Illustrated With Scatter Plots.
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In statistical and remote sensing applications, the correlation matrix is defined in
terms of the covariance matrix.  The ijth element of the statistical version of the
correlation matrix is:

 ρ
σ
σ σij

ij

ii jj

=
2

2 2
     (3.5)

where sij
2

 is the covariance between bands i and j in Σx, sii
2 represents the variance of the

ith band of data, and the square root of variance is defined as the standard deviation
(Richards, 1986, p. 128).  The statistical and signal processing versions of correlation do
not produce the same matrix.  The statistical definition produces a matrix which has a
unit main diagonal and can be represented as:
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(Searle, 1982, p. 348).  It is apparent that dividing the covariance matrix elements by their
standard deviations has the effect of reducing all the variables to an equal importance
since all have unit variance. The signal processing definition does not produce a unit
diagonal matrix, though it is symmetric.  The off-diagonal elements of Rx, represented by
rij, are called correlation coefficients.  They range between -1 and +1 in value, and
provide a measure of  how well two random variables vary jointly by quantifying the
degree of fit to a linear model (Research Systems, Inc., 1995, p. 20-6).  A value near +1
or -1 represents a high degree of fit between the random variables to a positive or
negative linear model, whereas a values near zero implies that the random variables
exhibit a poor fit to the model.  The conclusion that may be drawn is that a high degree of
fit implies well-correlated random variables, whereas a correlation coefficient of zero is
indicative of statistically orthogonal random variables.  We will assume that we are
dealing with the statistical definition of the correlation matrix, though a more descriptive
term for the “correlation” matrix might be the “normalized” or “standardized” covariance
matrix.

The definitions of statistical properties become clearer when they are linked to a
physically observable phenomenon.  The next few illustrations attempt to show the large
amount of information revealed by the statistics of the data.  Table 3.1 shows the
covariance and correlation matrices for the Landsat data.  In examining the Landsat
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covariance matrix, we see that the highest variance results from band five, the lowest
covariance is between bands four and six, and the highest covariance is between bands
five and seven. The correlation coefficient is highest between bands one and two and is
lowest between  bands four and six.  We can draw some conclusions from these statistics.
First, band five has more variance, or contrast over the scene, than any other band. Before
we assume that this means that band five can detect some sort of unique information
better than other bands, we must ask if this variance was caused by signal coming from
the ground or if it was noise introduced by our sensor or the atmosphere in that particular
band.  If we know the signal-to-noise ratio of our sensor in band five then we can answer
the question. Signal-to-noise ratio (SNR) is the ratio of signal power to noise power, and

COVARIANCE MATRIX OF LANDSAT IMAGE:
BAND BAND 1 BAND 2 BAND 3 BAND 4 BAND 5 BAND 6 BAND 7

1 276.6
2 173.1 114.5
3 293.3 194.7 350.3
4 86.3 71.8 96.2 487.7
5 407.3 282.2 534.9 340.2 1265.7
6 124.7 77.4 146.9 36.6 318.5 181.3
 7 277.1 186.6 353.7 113.9 709.9 185.8 447.4

CORRELATION MATRIX OF LANDSAT IMAGE:
BAND BAND 1 BAND 2 BAND 3 BAND 4 BAND 5 BAND 6 BAND 7

1 1
2 .973 1
3 .942 .972 1
4 .235 .304 .233 1
5 .688 .741 .803 .433 1
6 .557 .537 .583 .123 .665 1
 7 .788 .824 .893 .244 .943 .653 1

Table 3.1:  Covariance and Correlation Matrices of Landsat TM Image.
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can be obtained using the variances as the power.  Second, band four exhibits the lowest
correlation coefficient when compared to all other bands.  Again, before we assume that
band four detects unique information, we must ask about the signal-to-noise
characteristics of band four.  For example, if band four were purely noise, then it would
exhibit an even lower correlation with other bands, perhaps even zero.  This is because it
is independent of the other bands, not because it carries any information.  A further
explanation of these effects is seen in examining the histograms of the individual bands.
Figure 3.8 shows the histograms of four of the Landsat bands. The histogram of band four
indicates that an anomaly of some sort exists which places a sizable number of pixels at a
lower brightness value than the rest.  The “different” nature of band four brightness

Figure 3.8:  Histograms of Four of the Boulder Landsat TM Bands.

values accounts for the low correlation coefficient.
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The scatter plot is another means of characterizing the statistics of the data by
visually presenting the two-dimensional histogram using two selected bands.  The scatter
plot is a means of visualizing two of the seven dimensions of  Landsat data and is shown
two band combinations in Figure 3.9.  It is a representation of all of the two-dimensional
random pixel vectors formed by the two bands of interest.  By plotting the data of one
band against that of another, information regarding the statistical similarity of bands may
be inferred.   The scatter plots for the Landsat image show a definite linear feature when

Figure 3.9:  Scatter Plots of Boulder Landsat TM Data Showing Highly Correlated and
Uncorrelated Band Combinations.

a high correlation coefficient exists, as between bands one and two.  Thus, bands one and
two are statistically similar, to the extent that there appears to be a near linear relationship
between their random variables.  The correlation coefficient of 0.973 substantiates this



30

observation.  This is a sharp contrast to the more distributed shape for the scatter plot of
band four data versus band one.  This graphically depicts the independent and
uncorrelated nature of the data in band four, as evidenced by the low correlation
coefficient of 0.235.  The scatter plot has also historically provided those involved in
image classification with a method of grouping pixels with statistically similar
characteristics into a statistical class.  This can be seen in the Figure 3.9 scatter plot of
band four and band one.  The bottom of the plot reveals a smaller cluster of points away
from the main body of points.  This is an indicator that the pixels corresponding to these
points belong to a different spectral class.  In this case, these points are known to
correspond to ground water that appears in the scene.

In order to show the second order statistics of a hyperspectral image, another
visualization technique is introduced.  With 210 bands, manually examining the
covariance matrix would be tedious, and comparing two bands at a time with scatter plots
would be similarly ineffective.  For hyperspectral data statistics, the elements in the
covariance matrices are assigned color values corresponding to their value.  The result is
a matrix which helps in explaining trends.  Figure 3.10 illustrates the covariance and
correlation   matrices for both radiance and reflectance data in the HYDICE Aberdeen
scene. A color version of this figure may be found in Appendix A. There are several
notable features which are worth discussion in the four matrices. In the radiance
covariance matrix, we see the effect of the sun on bands 50 to 70 manifested in the higher
(redder) variance and covariance values. This is because the covariance matrix is
constructed in a manner that uses the absolute radiance values, which are very large in
these bands for radiance data.  The correlation matrix of the radiance does not show this
uneven weighting of variances.  Instead, the correlation coefficients closest to the main
diagonal exhibit a fairly similar value over all image bands, indicating that the correlation
matrix has normalized the variances and covariances with respect to their standard
deviations. The high values in the vicinity of the main diagonal are indicative of an
important characteristic of hyperspectral imagery, namely the high correlation between
adjacent bands.  The covariance matrix of the reflectance data exhibits more distributed
variances over the main diagonal than the radiance covariance matrix.  This is due to the
fact that the reflectance data has removed the bias of the sun from the data.  The
correlation matrix of the reflectance is in some sense the most unbiased estimate of the
statistics since the effects of the sun and unequal variances have been eliminated.  All of
the matrices show the effects of the absorption bands as areas of very low covariances



31

Figure 3.10:  Second Order Statistics of the HYDICE Aberdeen  Scene.

and correlation coefficients.  This is intuitively pleasing, since the absorption bands
should be very uncorrelated with all other bands. These dark vertical and horizontal
features on the matrices represent the presence of atmospheric absorption features and are
a good illustration of the effect of additive noise.  The bands corresponding to these
absorption features have had the “signal” drowned out by “noise” introduced by the
atmosphere.  Note also that the main diagonal or trace of these matrices represents the
variance associated with each band.

The blocky, segmented nature of the second order statistics matrices reveals
important details about the scene.  The low covariances in the absorption bands are easily
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explained because the brightness values in those bands are so statistically different than
all other bands.  More subtly, these matrices show the degree of difference or similarity
between the brightness values in other parts of the observed spectra.  In order to illustrate
this concept, another HYDICE data set is introduced.  This is a scene made during the
DESERT RADIANCE collect in 1994.  Figure 3.11 shows a red-green-blue false color
composite image of Davis Monthan Air Force Base formed using bands 119 (1567.4 nm),
81 (1023.4 nm), and 57 (713.8 nm).  Figure 3.11 is annotated with the different type
aircraft that are found in the scene.  The color version of this image may be found in
Appendix A.  The scene is a good contrast to the Aberdeen image because the
predominant background material is sand instead of grass.  Recalling the plots of various
pixel vectors seen in Figure 3.4, note how the spectrum of the trees sharply spiked up at
band 55 whereas the spectrum of the road remained smooth.  This corresponds to a
wavelength of about 0.7 mm, and is referred to as the “infrared ledge”.   In Figure 3.10
note how a “block” of high covariances rapidly transitions to a “block” of low
covariances at band 55.  This feature is an indicator of the fact that there are significant
differences in the spectral shapes of the observed pixel vectors which start at band 55.
This can be interpreted to mean that the scene consists of both vegetation and non-
vegetation pixel vectors.  If the pixel vectors did not posses significantly different shapes,
then this feature would not have manifested itself.  Figure 3.12 shows such an instance,
and the color version of it may be found in color in Appendix A. The Davis Monthan
scene has predominantly sandy background, and as a result, the area between bands one
and 100 appears to have high covariances and correlation coefficients without a sharp
transition at band 55.  The blocky appearance in the first hundred bands, evident when
vegetation was present, is now not apparent.

While these observations are very cursory, they demonstrate how the statistics of
the scene reveal a great deal of useful information.  A more refined study of scene
statistics, such as that pursued by the Rochester Institute of Technology, finds that the
scene statistics can be used to differentiate urban and rural areas (Brower, Haddock,
Reitz, and Schott, 1996, p. 56).  This idea can be carried further to the problem of
differentiating small man-made objects in a natural background.  The challenge is that in
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Figure 3.11:  HYDICE Scene of Davis Monthan Air Force Base.

B-52

A-6

P-3

C-130

F-4



34

Figure 3.12:  Davis- Monthan Radiance Covariance and Correlation Matrices.

order to be statistically significant, the target material must occur in many of the observed
pixels.  Considered independently, the scene statistics are interesting in that they provide
further perspective and understanding into the nature of the scene.  More importantly,
they bring us closer to the target detection problem by setting the stage for an
understanding of the techniques which use statistics to describe the background.

C.  RELATED SIGNAL PROCESSING AND LINEAR ALGEBRA
CONCEPTS

1.  Linear Transformations of  Random Vectors

The fundamental basis of the hyperspectral image analysis techniques addressed
by this study is that of linear transformations.  Our statistical definitions of the data using
the covariance matrix and its standardized form, the correlation matrix, are important.
Understanding the effect of a linear transformation on these matrices is also important.  A
linear transformation of a vector x into a vector y is accomplished by the matrix A in the
relation y = Ax. Figure 3.13 illustrates this concept using two-dimensional vectors. The
transformation matrix A rotates and scales the vector x into the new vector y.  Since we
are working with symmetric matrices in the second order moments of random vectors, we
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may assume that A is symmetric.  The expectation operator is linear, which implies that
the mean of the random vector x is transformed as:

E{y} = E{Ax} = AE{x}         (3.7)
which can be restated as my = Amx, where the subscript on the mean vector denotes

x
 

     y = Ax

Figure 3.13:  Linear Transformation of  a Two-dimensional Vector.

which random vector the mean vector represents.  Similarly, using the definition of the
second order moment, the covariance matrix  is transformed by the matrix A so that

Sy = ASxAT                 (3.8)
(Therrien, 1992, p. 45).

A particularly interesting and useful transformation is one which transforms a
random vector, x, into another random vector, y, whose kth and lth components have the
property of statistical orthogonality such that:

E{ykyl} = 0   k lπ     (3.9)
(Therrien, 1992, p. 50).  The statistically orthogonal or uncorrelated random variables
which result from such a transformation cause the transformed data covariance matrix to
be diagonal.  The means of achieving such a transformation which diagonalizes the
covariance matrix is provided by the idea of eigenvectors and eigenvalues.

2.  Eigenvectors and Eigenvalues

The eigenvalues of a l x l matrix A are the scalar roots of its characteristic
equation, and are denoted as {l1,...,ll}.  The nonzero vectors, {e1,...,el} which satisfy the
equation:

Aek = lkek   (3.10)
are called the eigenvectors of A.  Stated another way, an eigenvector defines a one-
dimensional subspace that is invariant with respect to premultiplication by A (Golub and
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Van Loan, 1983, p. 190).  In applying the above definitions of the eigenvalue and
eigenvector to the l-band x l-band covariance matrix, we obtain:

Sxek = lkek   (3.11)
The covariance matrix in this relation may be viewed as a linear transformation which
maps the eigenvector ek into a scaled version of itself (Therrien, 1992, p. 50).  Because of
the symmetry of the real covariance matrix, the l eigenvalues are guaranteed to be real
(Searle, 1982, p. 274).  It is also possible to find l orthonormal eigenvectors {e1,...,el},
that correspond to the l eigenvalues (Therrien, 1992, p. 50).

3.  Unitary Transformations

Suppose that the eigenvectors of the l x l covariance matrix  Sx are packed into a
matrix E as column vectors.  Then, because of the orthonormality of the eigenvectors, the
matrix E transforms the covariance matrix in the following manner:
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following the rules of linear transformations (Therrien, 1992, p. 45).  The transformation
matrix ET defines a linear transformation of a random vector x into a random vector y, by
the relation

y = ETx   (3.13)
in which the covariance matrix of y is a diagonal matrix represented by L.  This
diagonalization of the covariance matrix Sx is another manner of stating that the
components of random vector y are now uncorrelated since all off-diagonal elements of L
are zero.  The orthonormal columns of E imply that the transformation matrix ET

represents a unitary transformation defined by:
ETE = EET = I   (3.14)

(Therrien, 1992, p. 51).

4.  A Geometric Interpretation of the Unitary Transform

If we assume that our data has a Gaussian distribution, then we can describe its
probability density function (pdf) with  a family of ellipsoids as:

(x-mx)T Sx
-1(x-mx) = constant   (3.15)
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Because the matrix E is orthonormal, the implication is that the eigenvectors of Sx are the
same as those of its inverse, and the eigenvalues of Sx

-1 are simply the reciprocals of
those of Sx (Jolliffe, 1986, p. 14).  Thus, the inverse transformation may be written as

x = ETy   (3.16)
 and the equation defining the contours of constant density may be rewritten as:

(x-mx)T EL- 1ET(x-mx) = (y-my)T L- 1(y-my) = 
y mk k

kk

l -
=
Â

2

1 λ
 =constant = C   (3.17)

which is the equation for an ellipse with the principal axes of the ellipse being aligned
with the eigenvectors and the magnitudes proportional to lk

1/2 (Jolliffe, 1986, p. 19).  This
geometrically illustrates the role that eigenvalues and eigenvectors play in the unitary
transform.  Figure 3.14 shows that the unitary transformation is equivalent to a rotation of
the coordinate axes. The tilt of the ellipse with respect to the original coordinate system is
indicative of the fact that correlation exists between the original vector components
(Therrien, 1992, p. 59).  In the new coordinate system defined by the unitary transform,

Figure 3.14:  The Unitary Transformation as a Rotation of Axes.
From Richards, 1986, p. 131

the axes of the ellipse are parallel to the new axes, showing that the vector components
are indeed uncorrelated in this coordinate system. Although  the assumption was made
that the data was Gaussian, this concept of two-dimensional ellipsoids is a useful one in
understanding the workings of the transformation.  In this context, the scatter plots of the
Landsat data are useful in portraying a rough idea of the distribution of the probability
density function of the random vectors.



38

5. Simultaneous Diagonalization of Two Covariance Matrices

Often times, we cannot make the assumption of additive white Gaussian noise of
equal SNR in all bands.  At such times, in order to pose the problem in terms of  a signal
in white noise, we employ a diagonalization technique that transforms the noise
covariance matrix into the identity matrix, or in effect whitens it.  This transformation is
referred to as the whitening transformation (Therrien, 1992, p. 60).  It is assumed that the
noise can be characterized by a covariance matrix SN and the signal by the covariance
matrix SS, depicted as Gaussian ellipses in Figure 3.15(a).  The transformation begins
with the diagonalization of the noise covariance matrix SN by a unitary transformation
created from the noise covariance eigenvalues packed in the matrix ΛΝ and eigenvectors
packed in the matrix EN as follows:

ΣN = ENΛΝEN
T    (3.18)

The whitening transformation is formed as:
y = (ΛΝ

-1/2EN
T)x   (3.19)

where the matrix ΛΝ
-1/2 is the inverse of the diagonal matrix ΛΝ

1/2, whose diagonal
elements are the square roots of the eigenvalues (Therrien, 1992, p. 60).  The whitened
covariance matrix is formed by applying the whitening transform to the original ΣN:

                ΣWN = (ΛΝ
-1/2EN

T)ΣN(ΛΝ
-1/2EN

T)T = I   (3.20)

Figure 3.15:  Simultaneous Diagonalization of Signal and Noise Covariance Matrices.
After Therrien, 1992, p. 61.
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The whitening transformation is also applied to the signal covariance matrix to yield the
new signal covariance:

ΣWS = (ΛΝ
-1/2EN

T)ΣS(ΛΝ
-1/2EN

T)T =  ΛΝ
-1/2EN

TΣSEN ΛΝ
-1/2   (3.21)

The important effect of this transformation is to rotate the coordinate system and scale the
noise covariance matrix to the identity matrix as shown in Figure 3.15(b). The final step
in simultaneous diagonalization entails diagonalizing the noise-whitened signal
covariance matrix. It is depicted in Figure 3.15(c), and accomplished by finding the
eigenvectors and eigenvalues of ΣWS  and packing them into the matrices EWS and ΛWS.
The unitary transformation which represents the last step of simultaneous diagonalization
is applied as:

¢=y E yWS
T   (3.22)

The transformed signal covariance matrix is then:
ΣYS = EWS

TΣWSEWS = ΛWS   (3.23)
and the transformed whitened noise covariance matrix is still the identity matrix because
of the nature of the unitary transform:

ΣYN = EWS
TΙEWS = I   (3.24)

Note that in Figure 3.15, the labeling of the coordinate axes corresponds to the two scalar
components of the vectors x, y, and ¢y .  The simultaneous diagonalization of the noise

and signal covariance matrices is sometimes  written as a one step transformation:
z =  (EN ΛΝ

-1/2EWS)x   (3.25)
The simultaneous diagonalization technique lies at the heart of several hyperspectral
imagery analysis techniques.
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