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2H Singularity-Free Momentum Generation with

Non-Redundant Single Gimbaled Control Moment Gyroscopes
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Abstract-Two objectives dominate consideration of control
moment gyroscopes (CMGs) for spacecraft maneuvers: High
torque (equivalently momentum) and singularity-free
operations. This paper adds to the significant body of research
towards these two goals utilizing a minimal 3-CMG array to
provide 646% singularity-free momentum performance
increase spherically, compared to the ubiquitous pyramid
arrangement skewed at 54.730. Spherical 1H (1 CMGs-worth
momentum) singularity free momentum is established with
birectional 1H and 2H in the third direction in a baseline
configuration. Lastly, momentum space reshaping is shown
via mixed skew angles. These claims are demonstrated
analytically, then heuristically, and finally validated
experimentally.

I. INTRODUCTION

Rapid spacecraft reorientation often drives design
engineers to consider Control Moment Gyroscopes

(CMGs). CMGs are momentum exchange devices that exhibit
extreme torque magnification (i.e. for a small amount of
torque input to the CMG gimbal motors, a large resultant
output torque is achieved).

Fig. 1. Left: External (4H & OH) singularity surfaces typically used to
define the "optimal spherical" skew angle, B=54.730 Right: Internal
(1H & 2H) singularities generate errors & potential instability as
momentum trajectory strikes one of these surfaces. [2]
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Typical CMG's output torques are on the order of
hundreds to thousands of times the torque output of
reaction wheels, another kind of momentum exchange
attitude control actuator. A unique challenge of CMG
implementation is mathematical singularity. Arguably, the
most common configuration for a skewed array of 4 CMGs is
the "pyramid" array where the 4 CMGs are skewed at an

angle of f=54.730 resulting in an "optimal spherical"
momentum capability [1] requiring internal singularity
avoidance [3]-[9]. The desire is often stated as an

equivalent, maximized momentum capability in all directions
based on the {++++} or {----} OH & 4H saturation
singularities where all four CMGs are pointing in the same

direction (Fig. 5). The typical design approach may be
succinctly stated: 1) Optimize spherical momentum, then 2)
minimize impact of singularities. The approach adopted here
will reverse the traditional approach as follows: 1) Minimize
singularities, and then 2) maximize spherical momentum.
Surprisingly, the result turns out quite differently.

II. TORQUE GENERATIONAND SINGULARITIES

To achieve a specified output torque from a CMG array, a

command must be sent to the gimbal motor. Eqn. (1) shows
this relationship for i=n CMGs normalized by one CMG's
worth of momentum q[). CMGs are inclined so gimbal
planes form skew angles, Bi with respect to the xy plane as

depicted in Fig. 2. The [A] matrix (containing gimbal angles,
Oi and skew angles,t3i ) must be inverted to find the required
CMG gimbal command for commanded output torque per
equation (2). Begin by writing equations for each momentum
vector in xyz coordinates for 3 CMGs normalized by 1H.

hx cos -cosO1 +cosjs+nO2
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The Newton-Euler relation relates generated torque to the
timed-rate of change of angular momentum of the spacecraft
system. A CMG absorbs momentum change, H causing an
equal and opposite change in momentum on the spacecraft.
For n CMGs, the general relation is:

H= nixHJ.= al-Hl= i5H i = OHf0 =Z h, =Z ai(Oi)Oi = [A]{I}eo,-t(=]- i ii=ii}

[A]-1H=[A]y'[A]{0}={0} (2)

Fig. 2. 3/4 Skewed CMG array utilized in this study

For some combinations of gimbal & skew angles, the [A]
matrix columns can become linearly dependent. At these
combinations of skew and gimbal angles, the determinant of
the [A] matrix becomes zero leading to singular inversion.

det[A]=s,B {S02 [S(01+03)] +CC02 [S(03 -01 )+2cO1CO3C4]}
where s=sin, c=cos

III. THE 3/4 SKEWED CMGARRAY

The 3/4 CMG array modifies the commonly studied 4 CMG
skewed pyramid. A minimum of 3 CMGs is required for 3-axis
control, and the fourth it often used for singularity
avoidance. With the 3/4-array, only 3 CMGs are utilized for
active attitude control with the fourth CMG held in reserve

for robust failure properties. Experimental verification will be
provided in later sections utilizing a spacecraft testbed with a

3/4 CMG array containing a balance mass in the place of the
fourth CMG(Fig. 2).
The approach taken by the author is to first optimize the

3/4 skewed array geometry itself by choosing the skew angle
that provides the greatest singularity-free momentum. At
this "optimal singularity-free" skew angle, the 3/4 CMG array
can operate at momentum values less than the singularity-
free threshold without any kind of singularity avoidance

scheme. Further, utilization of mixed skew angles can rotate
the workspace to maximize momentum in a preferred
direction, again singularity-free. Yaw is the preferred
direction in this study. A direct comparison with the
traditional "optimal spherical" skew angle will demonstrate
the dramatic improvement in torque capability of the CMG
array. Analytical derivation is followed by heuristic,
geometric analysis, then validation via experimentation on a
realistic spacecraft simulator in ground tests.

IV. ANALYTICAL ANALYSIS

Singular combinations of gimbal angles and skew angles
can be determined analytically by examining the determinant
of the [A] matrix. When the determinant goes to zero, the
matrix has linearly dependent columns resulting in singular
inversion. There are six cases (with multiple sub-cases) that
result in a singular [A] matrix (less than full rank) with i= 13
Case 1:
i3 {IsinO2 Lsin(0l +03 )]+coSjCOS02 [sin(03 -01)+2cosO1coS03coSP]1
Case 2:

sinpsin0ij 32 +coscosOS2 - }
Case 3:
siin{
Case 4:
sinf3 {Yin [sin(o, +03)] +±Cko<O [sin(03 -01 )+2cos0coSO3CoS]}
Case 5:
sinp {sin02 cos1+ j L[sin(03 -01 )+2cosOicosO3cosl3J}
Case 6:

sinf {~2ne Lsin(01+03)]+CosCO0cS02 }

There are a few trivial cases. Nontrivial cases may be
analyzed as follows. In general, for a given skew angle, each
case produces gimbal angle combinations that result in
det[A]=O. These gimbal combinations may be used to
calculate the resultant momentum at the singular condition
1Hrminsingular. Minimum singular momentum values may then be
plotted for iterated skew angles 00<j<900. Having established
the minimum value of momentum at singular combinations of
gimbal angles, it is not possible to become singular at
momentum less that these values (Fig. 3). Thus the result is
the maximum singularity-free momentum space, Fig. 7.

V. HEURISTIC ANALYSIS
The preceding analysis reveals singularity free operations

<1H in all directions by implication. While useful, the
analysis certainly does not yield much intuition for the
attitude control engineer to design safe momentum
traj ectories through the momentum space. Are there
directions that can exceed 1H singularity-free?
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